Summary. We outline a procedure for obtaining solutions of certain boundary value problems of a recently proposed theory of gradient elasticity in terms of solutions of classical elasticity. The method is applied to illustrate, among other things, how the gradient theory can remove the strain singularity from some typical examples of the classical theory.
Introduction
A higher-order strain gradient theory has been proposed by Aifantis and co-workers [1]- [4] , in order to address the heterogeneity and pattern development in elastic deformation and plastic flow. In the case of plasticity, the gradient theory predicts finite thicknesses for shear bands, as well as spacings and velocities for travelling deformation bands, in examining the effect of gradients on the structure of the crack tip, in particular, Altan and Aifantis [5] adopted a simple constitutive equation of the form
where (a, ~) are the stress and strain, (2, #) the Lam6 constants, V 2 the Laplacian and c a constant gradient coefficient. Making use of (1), Altan and Aifantis have solved the mode-Ill crack problem and found that the strain is finite at the crack tip but the stress remains singular, as in the classical theory. In this paper we report additional interesting implications of(l) for some typical problems which are locally singular within the framework of classical elasticity theory. In doing so, a few general results are obtained which allow a direct relation between solutions to boundary value problems of (1) and solutions corresponding to the classical theory (c ~ 0). On introducing (1) with c ~ 0 and c + 0 into the equilibrium equations (div ~ = 0) we obtain the following differential equations for the displacement vector u(2~ = gu + [vu]r):
for the classical case (c -0), and
for the gradient-dependent case (c + 0). In general, one has to solve the fourth-order partial differential equation (3) subject to appropriate boundary conditions. Nevertheless, the following observation can reduce the complexity of this task and greatly facilitate the obtaining of solutions in certain cases.
Due to the fact that the operators L and V 2 commute, it is noted from (3) that the vector field (1 -cV 2) u satisfies the classical equilibrium equations (2). Thus, if(1 -c V 2) u could be identified with the classical displacement field u ~ of a certain classical boundary-value problem of linear elasticity which can readily be solved, then the original fourth-order problem (3) is reduced into the following second-order problem:
(1 -cV ~) u = u ~ .
Obviously, the solution of (4) is more conveniently obtained and, in doing so, a connection between the "gradient" and the "classical" solutions is readily established. Moreover, it turns out that (4) is further simplified when it is used to obtain the structure of the displacement (and stress) field near singularities (and discontinuities). The details of the above ideas and some typical examples will be explained in the following Sections.
General results
First, we establish the following straight-forward result for the case of traction boundary value problems.
Theorem 1." Let the traction vector s be prescribed at the whole boundary S (enclosing the region V)
where n is the unit vector normal to S and a is given by (1). Then the gradient solution u of (3) satisfies (4) where u ~ is the classical solution of (2) 
2 o with T denoting, as usual, transposition.
Proof." It follows from (3) and (1) that (1 -cV 2) u satisfies the classical equilibrium equation (2) and also the classical constitutive equations (7), i.e.
= HD(1 -cV;) u.
(9)
In view of (5), (6.2) and the uniqueness of u ~ it then follows that (1 -cg 2) u satisfies (4) and that ~r = ~o.
This result, i.e. Eq. (10), has also been obtained by Altan and Aifantis [5} for the mode-Ill crack problem. [In this connection, it is emphasized that the validity of conclusions (4) and (10) of Theorem 1 has nothing to do with the extra gradient boundary conditions required as a result of the higher gradient terms in (3)].
